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In this paper we present a schemé of X-ray interferometry.
The most important feature of this proposed interferometer is the
generation of two coherent beams that intersect at continuously
variable angles. This is achieved by the application of the
Borrmann effect and Bragg reflection in per cfystals. The narrow
bandwidth of the transmission window of the Borrmann effect’
allows the use of conventional X-ray generators as X-ray sources
with a coherence length between 10} and 100 for the inter-
fering beams. A diffraction scheme, similar to certain n-beam
cases, is proposed to obtain simultaneous diffractions of these
two coherent beams into a common direction. A change in intensity

caused by interference will yield the relative phase between

these simultaneously diffracted beams. Technological feasibili-

ties are discussed.
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I. Introduction.

In the application to the study of organic crystal structures,
the central problem in X-ray diffraction is the determination of
the phases of the diffracted rays. Except for certain n-beam

1

cases in perfect crystals, the solution of structure depends on

various indirect techniques such as the statistical, heavy atom,

2 Although signifi-

and multiple isomorphous replacement methods.
cant results have been obtained with these methols for certain
~materials, there are certain classes of molécules such as hormones,
for which little success has been achieved in structural determina-
tion because'theAappropriate phase information is lacking.

Successful operations of X-ray interferometers and its recent
extension to neutron cases have been réported.z’4 .Their success
pcinted out the important fact that coherent X-ray beams can indeed
be generated from conventional X-ray sources to produce interference.
Bas;d on the interferometer principle, we propose in this paper
kan "interfero-diffractometer'" to generate two coherent beams
capable of producing first order interference for measurements of
.relative phases of diffracted X-rays. In our subseqﬁent aiscussions
we can and will neglect all anomalous effects of transmission,
‘apsorption and serial reflections inside the~§ampie uﬁder study.
The omission of these phenomena from our subsequent discussion of
phase determination is justified ig the crystal is ideélly imper-
fect. Thus, only classical interference phenomena will be dis-

cussed, together with a strictly kinematical theory of X-ray

diffraction.
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In Section II we show that by using mirror reflections alone,
it is not possibie to construct an interferometer generating
two coherent beams intersecting at arbitrary angles. On the other
hand, it is also demonstrated that, by introducing beam path cor-
rectors based on the Borrmann effect,S it is possible to design
an interferometer that will produce intersecting beams with a
variable angle of inte¥section. The coherence of the intersecting
beams also is discussed.

In Section III a general séhemé is presented to determine phase
differences of the diffracted X-rays from a sample. In Section
IV we discuss the feasibility of our interfero-diffractometer.
Although in this paper we will not describe the detailed technical
problems associated with the actual construction of the inter-
ferometer, from studies of dimensional stabilities as well as
techniques developed for monitoring dimensional changes to

a small fraction of an Rngstrom, our tentative conclusion is that

the proposed inte:ferometer can be built within existing technology.

Further, it is our conclusion that interfero-diffractometers would

be the first appropriate step towards solving the phase determina-
tion problem even if X-ray lasers were available. (Of course, the
-availability of an X-ray laser could certainly improve beam inten-

sity and increase photon correlation lengths.)
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II. Generation of Coherent Beams.

(ij Statement of the Problem.

In order to determine the phase rélationships between dif-
fracted rays from mosaic crystals, as will be shown later, it
is necessary to have a pair of coherent, intersecting beams at
the sample point and the angle between the two intersecting beams
must fulfill diffraction conditions. These pairs of intersecting
beams must be generated from a single source. From the principle
of superposition, photons from two separate sources do not interact
in.the lowest order and consequently do not interfere. In addition,
at all intersecting points the phase differences between all pairs
of geams originating from their respective source points must-be
the same, otherwise the interference phenomenon will be averaged
out.

Two types of reflection mechanisms exist for X-rays, tﬁe
~.glancing angle of incidence reflection and Bragg reflection. In
. the case of glancing angle of incidence reflécfion; X:rays of

wavelength 2\, are reflected from a medium with an electron

density n_, provided the angle of incidence 8; is less than the
critical angle ecr given by :
. ]
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where all symbols have their usual meanings, and c.g.s. and Gaussian

units will be used throughout this paper. For X-rays of the relevant

wavelengths (0.5 R to 2.5 R), 6
24

. o
cr 1S usually small (OcrA»0.4 at

ne'V10 and ~ I.X)’ In addition, in each reflection a sizable
fraction of the incident rays is absorbed, making tandem reflections
an imprectical method to achieve large angle reflections. In the
case of Bragg reflection, the incident angle is fixed by crystal
‘parameters and by the wavelength of interest. The efficiency of
reflection, however, can be quite high. For strictly monochromatic
X-rays, reflection coefficient can be greater than 90 % when perfect
crystals are used.S'

Up to now,-in ehe X-ray regime, there is.only one practical

wey to achieve beam 5plitting, namely through the Borrmann

5 -The entrance and exit surfaces

effect in a perfect crystal-
of a perfect crystal make a non-zero angle with the lattice
plane for Laue diffraction. When the incident beam is close
to satisfying the Lave diffraction condition, wavefields are

set up along the lattice. At the exit surface, the wavefield

is split into two beams with equal intensities, both making the

Bragg angle with the ldttice planes and propagating in two separate

‘directions. Absorption inside the crystal is anomalously low;
the amount absorbed depends on the particular set of lattice
planes used, the amount of dislocations, and other effects.S
(Figure 1.) The components of the emefged rays that are perpen-

dicular to the latiice planes.are well collimated, with a typical

angular divergence of the order of seconds of arc, and a band-
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width of 2N/ 1075,

Utilizing the Borrmann effect for beam splitting and Bragg
reflection, the problem of generating two coherent X-ray beams

from a single source via interferometer techniques is subject

‘to two restrictions:

(1a) Angles of incidences of all reflecting planes are dictated

- by appropriate diffraction conditions associated with available

and useful crystal plénes; _ |
(1b) Angles between splitted beams are dictated by the same
restrictions as in -(1a).
"In addition, the following interferometer conditions must be
fulfilled: |
(2a) A pair of beams originating from the same source point
must intersect later; |
(2b) The phase difference between two beams within a pair must
be the same for all pairs at their respective intersection points}
Then, to be-of practical value, it is necessary that:
(2c) The angle of intersection must be continuously variabie
over a useful range. _

Optical configurations satisfying (2a) through (2c) under

restrictions (la) and (1b) will be heréafger referred to as g

interfero-diffractometers.

(ii) Impossible configurations.

Bonse and Hart have successfully constructed several Michaelson-
type interferometers;1 In interferometers of this type, conditions
(2a) and (2b) are fulfilled. In addition, the path léngths of

individual rays from a source point to its intersection point are
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the same for all possible source points. It appears natural to
extend their principle to cases where the intersection angle can
be varied.

We now show that by using reflecting surfaces only, it is not
generally possible to fulfill all conditions (2a), (2b), and (2c)
simultaneously, under restrictions (la) and (1b). Each reflection
surface has two degrees of freedom in orientation (the distance
hetween reflection surfaces to beam splitting points determines the
dimension of the system). In erder to bring a pair -of beams
from a beam splitting point to an intersection point, keeping
(2b) and (2c¢) in mind, ;t least two reflection surfaces must be
used. Altogether there are four degrees of freedom for the two
reflection surfaces used. Two of these four degrees of freedom
are used to satisfy the incidence angle restriction (la). Because
of the plaﬁe geometrical configuration, the condition of inter-
-section (2a) must be fulfilled for three pairs of rays originating
from three non-coline;; source points. Tiiis requires three |
degrees of freedom whereas only two exist. No new degrees of free;
Qom are introduced by édding more reflection surfaces, since rays
emerging from the new surfaces are related to the rays from'pre-
vious surfaces-via reflection laws under the same restrictions
(1a) and (1b). 1If condition (Zci is relaxéd, the resulting
instruﬁent is a Bonse ana Hart interferometer.

(iii) A possible interfero-diffractometer configuration.

C. C. Chiu showed that it is possible, under certain conditions,
to construct an interfero—diffractometer.6 One possible configura-

tion is shown in Figure 2.

A single perfect crystal is carved into an L-shaped slab, such




a

that one side R is_parallel and the ofﬁer T is perpendicular to

a selected set of lattice planes LP. The T side is used to split
an incident beam I into two beams I, and I, via the Borrmann
effect, and the angular separation of I1 and I2 is 2 0 where 0 is
the Bragg angle for the selected set of latticé planes. Upon
reflection from LP on the R side of the slab, I1 changes its
direction by 2 8 to become Il' which is now parallel to IZ'
(Figure-Z). It should be néted that és long as there is no strain
in the crystal, the X-rays tfansmitted through a perfect crystal
via the Borrmann effect are always in phase even if the surface

is not smooth én the atomic scale. The haggérd surface will
pfoduce differences in path lengths, but in integer number of
wavelengths. Thus the split;ed beams can be recombined and inter-
ference observed as long as the difference in path lengths does

not exceed the correlation length of the photon. The same argument
applies for the reflection of X-rays by a perfect crystal. The
successful construction of both Laue and Bragg type interferometers
by Bonse and Hart clearly demonstrated this point. However, in our
proposed scheme of mixed transmission'and reflection, there is a
systematic and source position dependent path length difference
between I, and I’ (Figure 2). 1If the splitted beams exifea at

t from the intersection of T and R, then at a plane perpendicula}
to Il' and IZ’ the systematic path 1enéth difference between 12
and Il' is 2 t sin.e. Therefore, for ény reasonable values of 6,
this difference in path lengths will exceed the correlation length

of the photon. In order to compensate for this systematic changes

in path length, two Borrmann transmission wedges are inserted into the




patﬂ ofAIZ.‘AAfter transmission through the wedgeg, Iz-emerges as
IZ' such that I, and IZ' are colinear. The geometry of the two
wedges is determined by (a) the Borrmann transmis;ion condition
(essentially the Bragg condition), (b) the elimination of source
''and I."

2 1

at a plane pefpendicular to both I,' and I,', and (c) I, and I,
2 1 2 2

are colinear (in order to preserve the original beam configuration).

position dependence of the phase differences between I

The two Qedges are mirror images of each other; the wedge angle
is ¥ and the surface of one side of the wedge makes an angle
'}g _ eﬂ+yl with the Borrmann transmission lattice plane (thus
the other side of the wedge is perpendicular to I2 or I,'). @' is
the Bragg angle of the Borrmann transmission plane of the wedge.
The complete configufation is shown in Figure 2.

.Using conditions (a), (b), and (c), and neglecting, for the
time being, the effect of the refractive index of the crystals.in
optical path calculations, a straightforward evaluation gives'the

wedge angle Y\

| Ain O cos®’ —

JFO”“Y\: CO56(1~C056') (2)
Note that the dimension of the wedge is absent .in the determina-
>tion of { . In order to make the path lengths of I1 and I2
equal, additionalApath extenders using multiple reflections _
can be inserted. '
Because of absorption: inside the Yedges, the intensity

distribution will also be source position dependent. If the

source point is at a distance t from the R side of the

.
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slab and the width of the source is At, the amount to be
corrected for in path length over the entire range of at is
240t sin 8. Path correction requires an-additional transmission

through a thickness of 2at sin 8 in a perfect crystal so that

at the two extremes of at the ratio of intensities is 1: exp-u(astsini,

where 4 is the absorption coefficient. For the ¢ polarization

of the oL branch3 (the strongest transmitted component), w =4, (1-¢)
where Mo is the mass absorption coefficient without taking

into account of anomalous transmission and £ is a correction
factor for anomalous transmission (Borrmann effect). ¢ depends
on the particular set of lattice planes used as well as on the

geometry. Using the example cited by Batterman and Coles, for

A;t = 0.5 mm (500.) and 2 6 = 45° (Ge 220 at Cu K«), M,=350 cm—l,
¢= 0.95, the ratio of intensities is 1 : exp -1.9 sin(22.5°)
g'l:e°0’7. This can be taken into account by aﬁ appropriately

shaped absorber, as will be_discussed in Sect. IV.

e —— -

Il' and IZ' then fall onto two mirrors My and M2 respectively.
The surfaces of My and MZ are parallel to a selected set of lattice
planes and My and MZ are mounted in such a way that their orien-
tations can be rotated about the directions of il' and IZ‘
fespectively. By suitable orientation of the two mirrors it is
possible to bring .the two reflected rays R1 and R2 to intersect .
at a point T. Because of the mirror symmetry between corresponding
rays of Il' and Iz' from éifferent source points, it is easily
seen that all rays irrespective of source point positions will

intersect. This is the case even though, due to refractive index




corrections, the beam Il’ reflected by the slab LP,'is ﬁot
exactly parallel to IZ’ as long-as a mirror symmetry is preserved.
Although the path lengths of individual rays are different,

the path difference between pairs of intersecting rays origina-
ting from the same source point can be made to be theoretically
zero. The angle of intersection, S s, is a function of the two
mirror angles & » which is the angle of the normal to the .
reflecting plane with fespect to the plane defined by Il' and Iz'.
We have: '

Ccos S = (:os,:ilem - Sin‘:ze,MCOs g4; 3

where em is the Bragg angle for M, and MZ'. The range of Sis

1
between 0 and 4 6. With X\= 1.54 R (Cu Kol), 8_~45° for Ge (333) :
plane. Thus by suitable'choice of reflecting planes it is possible
to cover virtually all angles between § =0° and 180°.

(iv). Useful X-ray Sources.

In the interferometer discussed in (iii), the path difference
between pairs of intersecting beams originating from the same
‘ source point is theoretically zero, so that in principle, the inter-

ference condition is always fulfilled. Howevér, practical con-

siderations limit the interference zone roughly to the photon cor-

relation length AQ,

2
Al = KAN o ' (4)

- 11 -




ﬁere WAQQA is the spectral bandwidth of Il‘ and IZ'.'AFor raw line‘
radiation'from conventional X-ray generators, A}Kr« 10-3, and
z}ﬂ.nxo.aa.. Hdwever, due to the Borrmann effect, the transmitted
beams will have substantially lower bandwidths. The transmitted

bandwidths can be estimated from the Bragg condition;

A% ,\/(Co%e )A@ s)

where A8 is the angular divergence of the transmitted beam, usually

-

a few seconds of arc. Thus Aﬂﬂ.“ISQ/}égewg. Bonse and Hart
ntilized multiple reflections to obtain a tail-less narrow band
filter of angular width ~2 seconds of arc.7 By using two
multiple reflection filters in tandem, it is possible to further
reduce the bandwidth. Needless to say, the availability of an-
X-ray laser will greatly simplify the X-ray source broblem.
However, the availability of a laser is not absolutely necessary
to generate two coherent beams‘for interferometer application, as
already demonstrated by Bonse and Hart.3 .
Line radiation from MUssbauer nuclei would provide a very useful
X;ray source. However, it may be difficult to obtain a collimated
> beam with a sufficient intensity for diffraction work.sAA new source
o% intense-X-rays is the synchrbtfoﬁ r;diafién frém‘eléctfon ac;
celerators. Generally, synchrotron radiation when applied to
X-ray diffraction work will give a useable collimated beam of
intensities roughly 2,000 to 50,000 stronger than that from an
ordinary X-ray generator.g This may prove to be adequate for

the proposed interfero-diffractometer. This topic will be further

" discussed in Section IV.




I1I. Phase Determination.

Assuming that two coherent beams intersect at a point T, we now
discuss the procedure of extracting phase information from dif-
fracted X-rays. The geometry of X-ray diffraction is described in
terms of reciprocél lattices and the Ewald sphere of reflection.
Figure 3 depicts the proper condition for diffraction to take
place; H is a vector normal to the reflecting plane and its
magnitude is the reciprocal of the interplanar distance. The
Ewald sphere, of radius »4\ » center T, has the origin of the reci-
procal lattice O at the end of a diameter which coincides with the
direction of the incident ray, TO. The diffracted ray TP intersects
E'and the sphere at a point P(H), and the diffraction condition ijs

fulfilled with the Bragg condition in reciprocal form:
l) - __(t
(4) sineg =} H (6)

The diffracted ray is detected in the direction TP. The time
independent component of the expression of the wave for the dif-
fracted beam, F(H), is determined by the structure within the unit

cell of the crystal, and is generally represented by

( “ﬁ\’{ (r-H) f() (£-H)4V
H)= wexpamh-H)= rlexpame (L -H

f
where .F(r) is the electron density at r measured from

th atom appropriately

T, fn is the scattering factor of the n
corrected for the simultaneous presence of both beams and T, the

vector for its location in the unit cell. F(H) is a complex

-13-




quantity given by:

F(H)= ’F(H)‘ew(m | @)

where L%(EQ is fhe phase difference between the diffracted and
the incident beams.h@ﬁs related to the intensity of the diffracted
rays for ideally mosaic crystals and can be experimentally deter-
mined. A complete knowledge of a diffraction phenomenon requires
both'lF(gﬂ and \y(ﬁ) to be determined. However, currently
available' detectors are unable to make records of the phase angle
L¥ (. In the current state of crystallography the determination
of crystal structures centers around obtaining \y(g) via indirect
and statistical methods which are well summarized elsewhere.?
These indirect methods are limited tec certain applications and
cahnqt be used for general crystallographic structure determina-
tién:

‘In order to determine the phase \%(&), anothei X-ray beam

~oterent with the incident beam and propagating in the direction

of the diffracted ray, TP may be used. Let E(H) = F(H)P(H) where

'P(ﬂ) is a real function describing various crystallographic corrections
including Lorentz and polarizatién factors. E(H) is the amplitude

of the diffracted beam. Interference of the diffracted beam Elgﬁ)

and the second beanm Ez(ﬂ) will take place and the sum E contains

the phase information. For the present let us ignore misalignments
_betweén the two cqherent beamsAand assu%e that their wave fronts

arrive simultancously at T. The relative phase angle between Ez(g)

and the diffracted beam El(ﬁ), v4’(§), can be obtained by simple

vector addition:

- 14 -
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\Eel” - B )™= VB (@)
R EHOI[EL2) | cosY, (9)

Cos W(W) =

lESIZ is the intensity when the two beams are present, while
E, (H) 2 and EZ(O) 2 are the intensities when the second beam is >
blocked and when the primary beam is blocked, respectively.
cos Y. is an additional correction factor for polarization
effects since only beams of the same polarizatica state will
interfere. |

Although the method described above is workable, for every
diffraction maxima H we have to reset'the intersection angle of
the interfero-diffractometer, and hence cause a shift in the
position of T in the diffracting crystal. Meaningful results can
be extracted from Eq. (9) only when the bisecting plane of the
two interferring.rays maintains a constant spatial relationships
with tﬁe crystal so that all the relative phases share one com-
mon origin. In order to monitor the stability of the system, we
propose the following method of simultaﬁeous diffraction. The
geometry of diffraction is shown in Figure 4. The angle of inter-
gection § is chosen that ubon entering the sphere of reflection,
- both ends of a selected reciprocal vector H, serve as origins of
reciprocal lattices for the two rays I1 and‘Iz. The crystal is
rotated about an axis.hO which is parallel to Eo’ and both &o and
H, arc perpendicular to the bisecting planc of I and I,. The
origin of the crystal lattice, T, is then defined as the intersection
of ho and the bisecting plane of I1 and IZ' As the crystal rotates

about h,, at a certain angle, a reciprocal lattice point P will pass




fhrough the surface of the sphere of reflection_&efined by Eo’ I1
and IZ' Both IlAand I2 will be diffracted in the direction of TP,

by two corresponding sets of planes H; and H, such that Hy-H, = H,-
When both beams I1 and I2 are turned on, the two simultaneously
diffracted rays in the direction of P will interfere, and phase
determination canvbe carried out in the same manner as in Eq. (9).

As the crystal rotates, various other reciprocal points will
appear on the surface of the Ewald sphere. For each such occurrence,
the reiative phase of the participating planes can be determined.

A complete rotation will yield a whole set of phaserrelationships

for reflections related by Eo' Since'lj0 remains on the sphere of
reflection for all H,,'s with one setting of § , ]E(ﬁo) + E(Q_)]2
can be used as a standard to monitor possible movement of the crystal
origin as the crystal rotates about‘ho.

The symmetry of the cosine function introduces an ambiguity in
sign for the phase difference between each reflected pair; i;e.,
we cannot distinguish ~° from aW-V B However, if we collect
two or more independent sets of phase relationships using indepen-
dent‘ﬂo's, we can cross correlate the phases. 1In gene;al there will.
be only two sets of phases that satisfy all measured phase relation-
- ships, and these iwo sets of phases are once again related through
a change of sign. However, if we use these‘two sets of phases in
the Fourier summation, only one set will produce the true electron
density map for the unknown crystal structure.

If we carefully-choose three independent reciprocal vectors,

e.g., the three principle-reciprocal axes 2*, b*, and E*’ and

--16 -




independently collect three sets of phase relationships, then we can
correlate the three sets and find the relative phases for all
reflections.

In reality, statistical methods have been developed to such.
sophistication that only a small percentage of known phases will
sufficé to generafe the rest due to the internal consistency of

intensity data.

VI. Feasibility of Interfero-Diffractometer.

In order to satisfy the coherenée conditions at the intersection
point, the phases of the wave fronts éf the two beams must be
maintained to within a fraction of the wavelengths used; the
accuracy of the determined value of the phase is 27 times the ratio
of uncertainties in the position of the relative wave fronts to
the wavelength. If a typical value of A is 1.5° &, in order to
determine the phases to within 36° it is necessgr? to maintain the
wave front diffefence to within a linear d:mension of 0.15 R. The
following problems are encountered in this consideration:

(1) Maintainance of phase coherence in design, (2) Temperature and
vibration effects, (3) Dimensional stability of materials, (4) Means
of monitoring sub-Rngstrom dimensional changes as well as making
corresponding corrections: In additibn; oné musk consider (5)

The adequacy of the intensity of the two interfering beams for a

meaningful set of data within a reasonable amount of time.

[




(1) Maintainance of phase coherence in design. The central
problem is the maintainance of phase coherence aftering passing
through the path correction wedges LP (Figure 2). If we choose
8' = 49.9° (Ge 440 plane at Cu K wavelength), 8 = 22.5°
(Ge 220 plane), then the wedge angle Y|, is 36.8°. The chief
purpose of the wedges is to compensate the path length so that the
residual differences do not exceed the correlation length of the
photon. The advantage of using the Borrmann effect to_compensate
the path lengths is the assurance of phase coherence of the exit
beam, even though the surfaces arehaggard on the atomic scale. Thus
the requirement on the accuracy of the wedge angles is that the
compensated path length at different 1ocationswaﬁross the beanm is
withih the photon correlation length. If the actual wedge angle 7
departs from the calculated value Y, from Eq. (2), a small residual
sour?e dependence of the path length, denoted by daAl » Will be
present. The expression for dal in terms of at, the posifion of

the beam referring to the central value, t, is

' 2(l-¢cos0’)
dag = ~ - secz'\'\o cos & -at(M-"M.) (10) ¢
CosS© :
Numericélly, nsing the examples of Section II (iii), i.e., ’ﬂo = 36.8°,

0 = 22.5°, 8' = 49.9°, then

| dag= —|.batam ' ' (11') g

Take for example, At = 0.5 mm = SOOkL , and let us assume that

the allowable error in dal is Stb (around 1/10 of the photon

- 18 -




_correlation length), then the maximum allowable errb; (M- no), is
around 1/160 radians or around 20 minutes of arc.

The use of the two Borrmann transmission wedges to compensate
the source position dependence of the path lengths will introduce
a source position dependence in the beam intensity. To correct
for this, two additional wedges A1 and A2 are inserted into the path
of the beam IZ’ as shown in Figure 5. Both A1 and A2 are made of
amorphous matefials so that there is no diffraction effect. A is
made of a highly absorptive muterial in the wave length regions
of interest, while AZ is made of a highly transparent material. The
function of A; is to correct for the source position dependence of
the intensity of the beam, and that of A2 is to correct for the

source position dependence of the phase lag of the beam after

<

transmission through A,
Transmissions through the wedge via the Borrmann effect will

introduce a position dpenedent absorption factor

exp -p.o(l -¢) 2 sin_B dt

where dt is the distance measured with respect to the extremity of t
the beam where the intensity is greatest, in the direction perpen-

dicular to the beam. (Figure 5.) If the thickness of Al'and A, are

2
described by two functions Sl(dt) and Sz(dt) respectively, their mass
absoiption coefficients p,l and P'Z respectively, then the

additional absorption factors associated with A, and A2 are

1
exp -\Ll Sl(dt) and>exp -}Lz Sz(dt) respectively. In order that the -

position dependence of the intensity be eliminated, it is necessary

- 19 -




that the combined absorption factor remain a constant independent

of dt:

eXp~Pol1-€)25inpdt - SXp~ty S, (dt) . 3xP - ®2S,CAat) = comst.
which leads to the equation:

Ly S () + e S, (At £ o (l- €D 2Sin DAL = Comst. a2

In passing through Al and AZ’ soruce dependent phase lags due
to differences in the thickness of Al and A2 will result. At wave-
lengths far away from absorption edges, the index of refraction n

is given by:

‘ 2
w? ‘ (13)
— 2
where Q.= qq;zxe , N is the average electron density. A

phase lag g (dt) is introduced at dt such t(hat:

< (dt) L
£ (at)= 2 5
i A 4w - a8

where 1 = 1,2 for A1 and A, respectively. The condition for a
constant phasé lag is then: ‘ .
S,(at) + 5.(a¢)

)
4TAW

= Cchsfamt

= [S\(&*\:)‘D}l + slcott)vtn,lzl
: ‘ (15)

Eqs. (12) and (15) dectermines Sl(dt) and Sz(dt) uniquely as functions

of dt. The solution is

- 20 -
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o ((-€)2sinbdt

\ -y N (16)
Nao .
S.(dt)=¢C, - —2° — (1-€) 2sinbat (17)
. h. P’l ~[\T‘ N
If we choose R, = o s M=o » Ny=N,, then
S;(dt) = € -~(1-¢)2sinedt (18)
Sz(dt) = C,+0-©& Qssupdt | (19)

—

Using the parameters quoted previously, i.e., =& =005
It = 0.5 mm the varigtiqns of §; and S, are roughly 25 |4
across the beam. The total phase lag introduced is less than 24]
(See Eq. (13)). This means that a 1 % errar.in the fabricated
thickness of corrector plates for intensity and phase lag is suf-
ficient to insure that a 1 % accuracy in the phase angle can be
achieved. | |

(2) Temperature and vibratiénal effects.’

Most materials have thermal expansion coefficients €th-in the

range 1076 - 1078,

If the path difference of the two beams is af ,
then 6% varies with tempera‘turé as ALC—H\AT where AT

is the temperaturc fluctuation. If al= |op( [o”2cwm) , (almust be

1essvthan the photbn correlation length), then with<&h= 10—7,

a temperature variation of 10°C will give rise to a path length
variation of 10°2 cm = 0.1 . On the other hand, differential

temperature conditions of value ATy along the two beam
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paths will give rise to an additional thermal term £ €, 0T, .
With 2 = 10 cm, € = 10-7, in order to keep the path length
differences to below 0.1 R, it is necessary that any differential
‘temperature be kept below l0‘3°c . A number of low thermal
expansion materials have been developed for precision optics.10
The thermal expansion coefficient of some of these materials
changes sign at a certain température (zero expansion temperature),
so that thermal expansion vanishes.. These materials include ULE
(a nonmetal) and superinvar ( a metal). Their thermal expansion
coefficients vanish-at around 45° C (Figure 6). These materials
can be used for the construction of the interfero-diffractometer.
Other similar types of low thermal expansion materials also exist
with somewhat different zero expansion temperatures.

The completed.instrument will have a dimension cf a few
ten's of centimeters. The natural resonance frequency will be of
‘the order of a few hundred to a few thousand hertz. Well established
methods of vibration isolation can be used to remove these frequen-
cies. Sub-hertz vibrations will hot affect the dimensionai stabi-

lity severely.

Y

(3) Dimensional stability of materials. Internal stress will
cause most materials to exhibit temporal variations in dimensions.
In a series of experiments, Jacobs and his associates made a fairly

thorough study of the dimensional stability of a number of materials

over a time interval of several months.11
and 8

rized in Figures 7/.The initial variations in dimensions are pro- .

Their results are summa-

bably caused by the settling of optical contact surfaces of the ;

menitoring components, and probably do not rcpresent rcal changes

12

in dimensions. As.seen in Figures 7 and 8, the two materials
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A\

ULE and superinvar exhibit the best dimensional stability pro-
perties.

(4). Techiniques for measurement of sub-Rngstrom dimensional
changes have been developed for various purposes, inctluding
studies (2 ) and-(S). The principle used in one of the measuring
techniques is as follows: A stable laser of frequency v, is
tuned to frequencies W,z Vsts ¥V , Vo= Vo-2V by mixing
che laser radiation with a microwave source of frequency a+/
in an opfiéally nonlinear medium. One of the two tuned frequencies
say, Y, =Vota?V , 1s introduced into an optical cavity of
length & which is to be measured. The value of A is
adjusted for the maximum transmission peak, which in the current

stage of technology, can be made to have a full width at half

maximum of less than 5 Muz . 11 By monitoring the value of av ,
to say, 10° Hz, (1/50 of the transmission width)), it is possible
[4 . .

to achieve an accuracy_in d@yv/ﬂo to one part in 1011. This

corresponds to an accuracy in dimension measurement of dl/l'

to 10—11. By using two optical cavities of different optical
lengths but of reflective coatings prepared at the same time,

the effects of time variations of phases in reflections can be
minivized. Currently available stable laseré-éxhiﬁit é frequency
stability of better than one part in 1011, 13 Techniques for
measurements of dimensions to accuracies of 10'3 R have also been

developed.14
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(5) Intensity. Although the intensity of raw radiation from
a conventional X-ray generator is farily high, its.angular divefgence
as well as its bandwidth is large. After transmission through
crystal planes via the Borrmann effect, the angular divergence of

the exit beam is narrowed to a few seconds of arc, and the band-

5

width is also reduced to below 10 °, resulting in a drastic reduction

in intensity. In our proposed set up, further reductions in intensity
will result from transmissions through and reflections by crystal
planes in the path correction wedges.

An estimate of the intensity of the two interfering beams will

now be given. According to Cole et 2115

, a conventional X-ray
generator operating at 35 kV and at 16 mA beam current, after

~passing through a perfect crystal of thickness of 1 mm via the
Borrmann effect, yie¢lds a pair of splitted beams ( A = 1.54 R)

each with a total intensity of 5,000 counts per second over a Cross-

8

sectional area of 1 mm x 1 mm. Let us assume that the cross-

sectional area of the beam in our case to be 0.5 mm (width) x 1 mm

(height). We now use Cole's value for the intensitities of I1 and

IZ at the beam splitting point in Figure 2. In our setup, I, passes

throughrtwo additional reflections, at LP and Ml. If the surface

of LP and Ml are parallel to the reflecting crystalline planes, the

reflectivity is in the neighbourhood of 0.9, and the intensity of I1

at the intersection point T is 0.9 x 0.9 x 2.5 x 103 =
2. x 10° count/sec. S
The intensity of I2 will suffer a much higher attenuation.
There are three sources of attenuations: (a) through reflections
in the multiple reflection?path‘extender, (b) through transmissions

in the path correction wedges, (c) through reflections in MZ' In
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the case of (a), the attenuation factor of a twice reflected
path extender will give an attenuation factor of 0.8. Assuming
that the thickness of the wedge at the narrowest path of the wedge
to be 0.5 mm, then in (b) an additional attenuation factor for
the two wedges ig exp-p €2t = 0.7 . The additional
factor in (c) is 0.9. The overall attenuation factor is then
001 X0.Q4X0.8 X025 :3’“0’1. The last factor of 0.25 arises from
the worst case of source dependence of the beam. The intensity of
I2 at T is then 150 count per second. (In practice, further
attenuations due to departures from the minimum geometry configura-
tions we discussed will occur.)

_ Assuming that the diffracted intensity from the sample crystal

to be 10°°

of the incident beam, the intensity of the diffracted
beem from I2 (the weaker beam) is 1.5 x 1073 / sec, or 130/ day.
The associated signal to noise ratio is 11. If the phase angle is
arou;d 450, the corresponding error in the determined phase,
according to Eq. (9), is in the neighbourhood of tens of degrees.

Naturally this estimate may be somewhat optimistic. What we
have shown is that, the intensity from a conventional X-fay

t“u\y

generator will not yield a R unrealistic counting rate (e.g.

100 count in a year). A more intense source such as rotating

anode geherator will increase data collection rate by roughly

5 times. A new source of X-ray radiation is the synchrotron'radia-
tion which offers an advantage over conventional X-ray generators
by a factor of 2,000 to 50,000. The détermination of phases

can then be achieved within half an hour for a single measurement,
provided that area detectors with single quantuﬁ detection capa-

bility are used.. Area detcctors with single quantum detection
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capability are within the realm of feasibility.

V. Conclusions.

In this paper we have presented a scheme to measure the relative
phases of diffracted X-rays. Although the requirement in dimen-
sional stability and intensity of X-ray sourceé is demandiﬂg, we
have shown that such requirements are within the realm of techno-
logical feasibility. Due to the natﬁre of the problem, it is
our opinion that even with the successful development of an X-ray
laser as a source of cohereﬁt X-rays, an interfero-diffractometer
of the type described in this paper must be used to split the inci-
dent beam and recombine it to produce interference in the diffracted
rays from mosaic crystals, with the possible absence of the beam path
correction wedge crystal due to the long coherence length associated
with laser radiations. The'latk of a proper recording medium with
resolution in the sub-Rngstrom range prevents the use of holographic
techniques to probe molecular structures in the atomic level, with
X-ray lasérs.
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Figure 1.

Figure 2.
Figure 3.
Figure 4.
Figure 5.

Figure 6.

Figure 7.

Figure 8.

_frequency that is necessary to satisfy the maximum

‘Generally the fractional dimensional change is the same

Figure Captions

Borrmann effect. An incident beam at Bragg angle

90 with the set of planes LP sets up wave fields

and propagates glong‘LP in the beamvgplitter crystal
BS. At the exit surface the wave field is split into
two beams TR and FD which propagate in two separate
directions, with an angular separation of 2 Bo. The
direct transmitted beam DT is suppressed by normal
absorption. - |

Schematic diagram of an interfero-diffractometer.
Geometry of diffraction.

Geometry of'simultaneous diffractions of two coherent
beams into a common direction. | §
Correction plates for intensity and phase lag.
Thermal expansion coefficients for a number of com-
mercially available materials noted for low thermal
expansion. From Reference 11.

Dimensional stability of ULE. The ordinate is the tuning

r

transmission condition of the associated optical cavity.

as dav /Y “where VY, is the laser frequency and is
in the range of 1019, dAav  is the change of A%

in the course of investigation? From‘referénce'lo;
Dimensional stability of superinvar. See Figure 7

for detailed explanations. From reference 19.
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